The renormalization-scheme and scale dependence of the truncated QCD perturbative expansions is one of the main sources of theoretical error of the Standard Model predictions, especially at intermediate energies. Recently, a class of renormalization schemes, parametrized by a single real number C, has been defined and investigated in the frame of the standard perturbation expansions in powers of the coupling. In the present paper we investigate the C-scheme variation of a modified QCD perturbation series, which implements information about the large-order divergent character of perturbation theory by means of an optimal conformal mapping of the Borel plane. In these new expansions, the powers of the strong coupling are replaced by a set of expansion functions with properties which resemble those of the expanded correlators, having in particular a singular behaviour at the origin of the complex coupling plane. On the other hand, the new expansions have a tamed behaviour at high orders, as demonstrated by previous studies in the MS renormalization scheme. Using as examples the Adler function and the hadronic decay width of the τ lepton, we find good convergence properties of the new expansions also in the C-scheme, which is a further argument in favour of this version of QCD perturbation theory at intermediate energies.
The renormalization-scheme and scale dependence of the truncated QCD perturbative expansions is one of the main sources of theoretical error of the Standard Model predictions, especially at intermediate energies. Recently, a class of renormalization schemes, parametrized by a single real number C, has been defined and investigated in the frame of the standard perturbation expansions in powers of the coupling. In the present paper we investigate the C-scheme variation of a modified QCD perturbation series, which implements information about the large-order divergent character of perturbation theory by means of an optimal conformal mapping of the Borel plane. In these new expansions, the powers of the strong coupling are replaced by a set of expansion functions with properties which resemble those of the expanded correlators, having in particular a singular behaviour at the origin of the complex coupling plane. On the other hand, the new expansions have a tamed behaviour at high orders, as demonstrated by previous studies in the MS renormalization scheme. Using as examples the Adler function and the hadronic decay width of the τ lepton, we find good convergence properties of the new expansions also in the C-scheme, which is a further argument in favour of this version of QCD perturbation theory at intermediate energies. In the standard QCD perturbation theory, the finite-order approximations of physical quantities are renormalization-scale (µ) and renormalization-scheme (RS) dependent. For a truncated expansion of order N , the scale and scheme variations, being in principle O(α N +1 s (µ)) corrections, are expected to be small at large scales due to asymptotic freedom. However, since the perturbative expansion in QCD is a divergent series, with coefficients growing factorially at large orders, the scale and scheme variation might be in practice quite large, especially at intermediate energies where the strong coupling α s is not very small.
The quest for in some sense "optimal" scale and scheme is important for meaningful applications. There are several recipes [1] [2] [3] [4] [5] [6] how to do that. The one proposed in [1] and known as the "principle of minimal sensitivity" (PMS) selects the scale and scheme by the condition of local scale and scheme invariance. Therefore, the PMS selects the point where the truncated approximant has locally the property which the all-order summation must have globally. A different, process-dependent recipe, knwon as "effective charge approach", was proposed in [2] , while the method advocated in [5, 6] , denoted as "principle of maximum conformality", chooses the scale such as to absorb in the coupling all the non-conformal dependence of the perturbative coefficients. Since the problem is difficult and has so far no generally accepted solution, perturbative computations are performed mainly in convenient schemes like the modified minimal subtraction MS [7] .
Recently, a new class of process-independent renormalization schemes depending on a single real parameter C was defined in [8] . In Refs. [8] [9] [10] , the properties of these schemes have been investigated using the perturbation expansion of the QCD Adler function and the τ hadronic width, and in [11] the class of C-scheme was discussed from the point of view of the maximum conformality principle [6] .
In the present paper, we shall investigate the C-scheme in connection with the fact that the perturbation expansions in QCD are divergent series, the expansion coefficients of typical correlators growing factorially at large orders [12] [13] [14] [15] . This is related to the fact that the QCD correlators as functions of α s are singular at the origin of the complex α s plane [12] . Therefore the radius of convergence of the expansions in powers of the strong coupling α s should be zero.
Starting from the divergent character of the QCD perturbation series, a modified perturbation expansion was defined in [16] and was further investigated in [17] [18] [19] [20] [21] [22] [23] (for a recent review see [24] ). In this approach, instead of the powers of the strong coupling, a new set of expansion functions is used, defined by means of an optimal (i.e. ensuring the best asymptotic rate of convergence) conformal mapping of the Borel complex plane. The properties of the new expansion functions resemble those of the expanded correlators, by exhibiting in particular a singular behaviour at the origin of the α s plane. On the other hand, the new expansions have a tamed behavior at high orders. The good convergence properties of the new expansions have been demonstrated in [19, 21, 23] in the MS renormalization scheme on mathematical models that simulate the physical Adler function.
In the present paper we investigate the properties of these modified perturbation expansions in the class of renormalization schemes defined in [8] . As in [8] [9] [10] , we use for illustration the Adler function and the hadronic width of the τ lepton. We start by recalling, in the next section, a few facts about the calculation of these quantities in perturbative QCD. In Sec. III we briefly review, following [8] , the C-scheme definition of the QCD coupling. In Sec. IV we introduce the modified, non-power perturbative expansions defined in [16] and investigated further in [17] [18] [19] [20] [21] [22] [23] , and in Sec. V we rewrite them in the C-scheme. In Sec. VI we investigate the C-scheme variation of the modified perturbative expansions of the Adler function and the hadronic τ decay width. We also investigate the large-order behaviour of the expansions, using for generating the large-order expansion coefficients a model of the Adler function proposed in [25] , which we review for completeness in the Appendix. The last section contains a summary and our conclusions.
II. ADLER FUNCTION AND τ HADRONIC WIDTH IN PERTURBATIVE QCD
We recall that the Adler function is the logarithmic derivative of the invariant amplitude of the two-current correlation tensor, D(s) = −s dΠ(s)/ds, where s is the momentum squared. As in Ref. [8] we shall consider the reduced function D(s) defined as:
From general principles of field theory, it is known that D(s) is an analytic function of real type (i.e. it satisfies the Schwarz reflection D(s * ) = D * (s)) in the complex s plane cut along the timelike axis for s > 4m 2 π . At large spacelike momenta s < 0, the function D is given by the QCD perturbative expansion [25] 
where a µ ≡ α s (µ 2 )/π is the renormalized strong coupling in a certain RS at an arbitrary scale µ. As in [8] , we emphasize from now on the fact that D is a function of the QCD coupling, the dependence on the momentum squared s being assumed implicitly.
The leading coefficients c n,1 in (2) are evaluated by Feynman diagrams, while the remaining ones, c n,k with k > 1 are obtained in terms of c m,1 with m < n and the coefficients β n of the β function, which governs the variation of the QCD coupling with the scale in each RS:
We recall that in mass-independent renormalization schemes the first two coefficients β 1 and β 2 are scheme invariant, depending only on the number n f of active flavours, while β n for n ≥ 3 depend on the renormalization scheme. In MS, the known coefficients for n f = 3 are (cf. [26] and references therein): In the applications done in [8] [9] [10] , an additional term was included, c 5,1 = 283, based on the estimate made in [25] .
We shall consider also the perturbative expansion of the total τ hadronic width. The central observable is the ratio R τ of the total hadronic branching fraction to the electron branching fraction, which can be expressed as
where S EW is an electroweak correction, V ud and V us are CKM matrix elements, and δ (0) is the perturbative QCD contribution. As shown in [28] [29] [30] [31] , δ (0) can be expressed, using analyticity, by an integral involving the values of the Adler function in the complex s plane. In our normalization, this relation is [25] :
For the evaluation of δ (0) one can either insert in the integral (7) the expansion (2) at a fixed scale and perform the integration of the coefficients with respect to s along the circle, which gives in particular for µ = m τ : 
Alternatively, as proposed in [31] , one can take the variable scale µ 2 = −s in (2) and insert in the integral (7) the expansion
with the running coupling calculated by the numerical integration of the renormalization-group equation (3) along the circle |s| = m 2 τ , starting from the spacelike point s = −m 2 τ . These alternatives 1 are knows as "fixed order perturbation theory" (FOPT) and "contour improved perturbation theory" (CIPT). As remarked first in [25] , contrary to the naive expectations, at the scale set by m τ the difference between the predictions of these two summation procedures increased when an additional, five loop term, calculated in [27] , was included in the expansion of the τ hadronic width.
Actually, the fixed-order series (2) is expected to have a poor convergence for s near the timelike axis, since the s-dependent expansion coefficients become quite large there. However, fortuitous cancellations of terms in the integral and the suppressing effect of the weight function in (8) might favour the fixed-order series, leading to better results for δ (0) calculated in FOPT than in CIPT. Many studies have been devoted to the difference between FO and CI summations, including the analysis of specific models for the Adler function and the practical implications on the extraction of α s (m 2 τ ) from data on hadronic τ decays [19] [20] [21] [22] [23] [24] [25] [34] [35] [36] [37] [38] [39] [40] [41] .
III. THE C-SCHEME QCD COUPLING As discussed in [8] , one can define a new couplingâ µ by using the relation
where Λ is the scale-invariant QCD parameter and
From (10) it is seen that C incorporates the effects of all scheme-dependent terms β n with n ≥ 3, contained in the functionβ(a). Eq. (10) implies also that the running of a µ is scheme independent:
Starting from the coupling a µ and the coefficients β n in a certain RS, one can find theâ µ coupling in the Cscheme, at the same scale µ and a definite value of C, either by solving numerically Eq. (10) or from the perturbative relation between a µ and the C-scheme couplinĝ a µ , written formally aŝ
and the inverse relation
For the MS scheme, using the coefficients (4), the explicit forms of the expansions (13) and (14) are given in Eqs. (7) and (8) of [8] . From the comparison with the full solution it follows, as remarked in [8] , that the perturbative expansions break below roughly C = −2.
The perturbative QCD expansions in the C-scheme have been investigated in Refs. [8] [9] [10] for the Adler function and τ hadronic width. In particular, the series (9) is rewritten as an expansion in powers of the C-scheme couplingâ µ :
with C-dependent coefficientsĉ n,1 (C). Using in (9) 
In the same way, from (8) it follows that the expansion of δ 
In Refs. [9, 10] the high-order behaviour of the perturbation expansions in the C-scheme has been also investigated, using for generating the perturbative coefficients the model defined in Section 5 of Ref. [25] , which expresses the Adler function in terms of several renormalons.
In these studies, a region of stability in the variation of the various quantities with the parameter C was identified, as required by the "principle of minimum sensitivity" [1] , and an optimal value of C was further defined as the value which ensures the vanishing of the last coefficient in the expansion, in the spirit of asymptotic series. The studies led to results comparable to those in the MS scheme. In particular, the difference between the FOPT and CIPT predictions for δ (0) is not resolved by the C-scheme, and the higher-order divergence of the expansions manifests itself to the same or even to a larger extent.
In what follows we shall investigate the C-scheme for the new perturbative expansions with tamed large-order behaviour, defined by the technique of conformal mapping of the Borel plane in [16, 19, 21] . In the next section we review the construction of this new type of expansion.
IV. PERTURBATION EXPANSIONS WITH TAMED HIGH-ORDER BEHAVIOUR
The starting point is the remark that the petrurbation expansion (9) of the Adler function has a zero radius of convergence, the coefficients c n,1 increasing like n! at large n. It is convenient to define the Borel transform by
where we used the standard notation β 0 = β 1 /2. From (18) one can derive the formal Laplace-Borel integral representation
As it is known [13, 15] , the large-order increase of the coefficients of the perturbation series is encoded in the singularities of the Borel transform B(u) in the complex u plane. In the particular case of the Adler function, B(u) has singularities on the semiaxis u ≥ 2, denoted as infrared (IR) renormalons, and for u ≤ −1, denoted as ultraviolet (UV) renormalons. The names indicate the regions in the Feynman integrals responsible for the appearance of the corresponding singularities. Other singularities, at larger values on the positive real axis, are due to specific field configurations known as instantons. Apart from the two cuts along the lines u ≥ 2 and u ≤ −1, it is assumed that no other singularities are present in the complex u plane [13] .
Due to the singularities of B(u) for u ≥ 2, the LaplaceBorel integral (19) is not defined and requires a regularization. The principal value (PV) prescription, the most natural choice in mathematics, has been adopted also for the summation of perturbative QCD [14, 15] . As discussed in [42] , this prescription is most suitable from the point of view of the momentum-plane analyticity properties that must be satisfied by the QCD correlation functions.
The singularities of B(u) set a limitation on the convergence region of the power expansion (18) : this series converges only inside the circle |u| = 1 which passes through the nearest singularity, namely the first UV renormalon. As shown for the first time in [43] , the domain of convergence of a power series can be increased by expanding in powers of another variable, which performs the conformal mapping of the complex plane of the original variable (or a part of it) onto a disk (chosen for convenience to be of radius equal to unity) in the transformed plane. The new series converges in a larger region, well beyond the disk of convergence of the original expansion, and also has an increased asymptotic convergence rate at points lying inside this disk. An important result proved in [43] (see also [21] for a detailed proof) is that the asymptotic convergence rate is maximal if the new variable maps the entire holomorphy domain of the expanded function onto the unit disk. This special conformal mapping is called "optimal".
The use of a conformal mapping of the Borel plane was suggested in [14] in order to reduce or eliminate the ambiguities (power corrections) due to the large momenta in the Feynman integrals. As shown in [16] , the particular conformal mapping proposed in [14] was not optimal in the sense defined above. The optimal mapping, which ensures the convergence of the corresponding power series in the entire doubly-cut Borel plane, was found in [16] and was further investigated in [17] [18] [19] [20] [21] . It is given by the function:
One can check that (20) maps the complex u plane cut along the real axis for u ≥ 2 and u ≤ −1 onto the interior of the circle |w| = 1 in the complex plane w ≡w(u), such that the origin u = 0 of the u plane corresponds to the origin w = 0 of the w plane, and the upper (lower) edges of the cuts are mapped onto the upper (lower) semicircles in the w plane. By the mapping (20) , all the singularities of the Borel transform, the UV and IR renormalons, are pushed on the boundary of the unit disk in the w plane, all at equal distance from the origin. Therefore, the expansion of B(u) in powers of the variable w ≡w(u):
converges in a larger domain that the original series (18) . By inserting the expansion (21) in the Borel-Laplace integral (19) , one can define a new expansion of the Adler function, in terms of a set of expansion functions given by the Laplace-Borel transform of the powers (w(u))
n . As shown in [16, 18, 19] , for the Adler function one can further exploit the fact that in this case the nature of the leading singularities in the Borel plane is known: near the first branch points, u = −1 and u = 2, B(u) behaves like (22) respectively, where the residues r 1 and r 2 are not known, but the exponents γ 1 and γ 2 have been calculated using renormalization-group invariance [14, 25, 44] . For n f = 3, their values are
This additional information can be used to improve the expansion (21) . As discussed in [19, 21] , while the optimal conformal mapping (20) is unique, there is no unique prescription to implement the knowledge provided by (22) . Several possible "softening factors" have been investigated in [21] . Here we shall adopt one of these suitable factors and expand B(u) as [19] B(u) = 1
By
in terms of the expansion functions
We emphasize that the definition (25) implies the permutation of the summation and the integration, which is not a trivial step, therefore (25) represents a genuinely new perturbation expansion in QCD. By construction, when reexpanded in powers of a µ , the series (25) reproduces the expansion (9) with the coefficients c n,1 known from Feynman diagrams. The expansion functions W n (a µ ) are singular at a µ = 0, and therefore have divergent expansions when expanded in powers of a µ , resembling the expanded function D(a µ ) itself [18] . On the other hand, the expansions have a tamed behaviour at high orders. As discussed in [17] , under certain conditions, the expansion (25) may even converge in a domain of the s-plane.
We presented above the steps leading to the new expansion starting from the renormalization-group improved expansion (9), but similar steps can be followed starting from the fixed-order expansion (2). The explicit formulae are given in [21] .
Since the expansion functions W n (a µ ) defined in (26) are no longer powers of the coupling a µ , the new expansion (25) can be viewed as a "non-power perturbation theory" (NPPT) [21] . We shall also refer to it as "Borelimproved" expansion, to emphasize the fact that (25) is defined by the analytic continuation of the Borel series (18) outside the original convergence disk in the whole cut Borel plane up to its cuts.
V. NON-POWER EXPANSIONS IN THE
C-SCHEME
The non-power expansions defined above have been investigated up to now in the MS-renormalization scheme. However, the construction presented in the previous section is general and can be performed in any renormalization scheme. Starting from the expansion (15) of the Adler function in powers of the C-scheme couplingâ µ , we define the corresponding Borel transform aŝ
and obtain the formal Laplace-Borel integral representation
A useful remark is that the position and the nature of the first singularities of the Borel transform in the u plane depend only on the first two coefficients, β 1 and β 2 , of the β function, which are scheme-independent [14, 25, 44] . It follows that, for every C, the first singularities of the functionB(u, C) are situated at u = −1 and u = 2, and the nature of the singularities is given by (22) . Therefore, we can use forB(u, C) the expansion
similar to (24), the only difference being that now the coefficientsd n depend on C. By inserting this expansion into (28), we define the Borel-improved expansion of the Adler function in the C-scheme by
where the expansions functionŝ
formally similar to (26) , depend on C through the Cdependent couplingâ µ .
For illustration, we list the first coefficientsd n (C) appearing in (30): In a similar way, starting from the expansion (17) of δ (0) FO in the C-scheme, we can define the improved series in terms of the same set of functionsŴ n (â µ ), since from the definition (8) it follows that the position and the nature of the first singularities of the Borel transform of δ
FO are the same as those of the Adler function, So, we can write
where µ = m τ and the first coefficientsδ n (C) arê In CIPT, the calculation of δ 
where the expansion functionsŴ n and the coefficientŝ d n are given in (31) and (32), respectively. Inside the integrals, the running couplingâ µ at the scale µ 2 = m 2 τ exp(iφ), φ ∈ (0, 2π), is calculated along the circle by integrating the renormalization-group equation (12) in the C-scheme, starting from a given value at the scale µ = m τ . Therefore, the whole expansion depends only on the C-scheme couplingâ µ at the scale µ = m τ .
VI. RESULTS
We calculate first the Adler function using the Borelimproved expansion in the C-scheme, given in Eqs. (30)- (32) . As in [8] , we take s = −m 2 τ and the scale µ = m τ , using the value α s (m 2 τ ) = 0.316 ± 0.010 in the MS scheme, which follows from the PDG value of the strong coupling at the scale µ = m Z [45] . The corresponding C-dependent value of the couplingâ mτ was obtained by numerically solving equation (10) .
In Fig. 1 , we show the variation with C of the Borelimproved expansions, for C in the range (−2, 2) considered in [8] : the central black line represents the expansion to order α The three curves exhibit a plateau where the expansions are stable with respect to the variation of C. There are two points, represented in red, where the three expansions coincide: the rightmost point, C 0 = −0.05, is the only real solution of the equationd 4 = 0 in the range (−2, 2). At the other point, C 0 = −0.56, the expansion functionŴ 4 itself vanishes, a phenomenon which can take place since the expansion functions are no longer simple powers of the couplingâ µ . FO (âm τ ) as a function of C. The yellow band arises from either removing or doubling the fifth-order term. In the red dots, the last term vanishes, and the previous one is taken as uncertainty.
As in [8] , we define the truncation error as the magnitude of the last nonvanishing term,d 3Ŵ3 , and choose C 0 = −0.05 as the optimal point, where the error shown in Fig. 1 is smallest. This leads to the prediction
where the first error is the truncation error and the second is due to the uncertainty in α s (m 2 τ ). For comparison we note that to five loop the standard expansions give for the same quantity the values 0.1287 ± 0.0050 ± 0.0055 in the MS scheme and 0.1343 ± 0.0070 ± 0.0067 in the Cscheme [8] , while the Borel-improved expansion defined in Sec. IV in the MS scheme gives 0.1357 ± 0.0067 ± 0.0061. We note that the Borel-improved expansions to five loop give very close results in the MS and C-scheme, which is a first nice feature of these expansions.
We consider now the calculation of the QCD correction δ (0) to the τ hadronic width (6). The Borel-improved FO expansion of δ (0) in the C-scheme is given in Eqs. (33)- (34) . In Fig. 2 we show the result of the calculation to order α 5 s as central line, and the curves obtained by either doubling or removing the last term, which delimit the yellow band. As seen from the figure, there are three points where the curves coincide: the leftmost and the rightmost ones are the solutions of the equationδ 4 = 0, while the middle point is the solution of the equation W 4 = 0, encountered already in Fig. 1 . It turns out that the uncertainty, defined as the magnitude of the last nonvanishing term,δ 3Ŵ3 , is minimal for the leftmost point, C 0 = −1, which we adopt as optimal. This leads to the prediction
where, as above, the first error is the truncation error and the second accounts for the uncertainty in the coupling. We mention that the standard expansions predict 0.1991 ± 0.0061 ± 0.0119 in the MS scheme and 0.2047 ± 0.0034 ± 0.0133 in the C-scheme [8] , while the Borel-improved expansion in the MS scheme to five loop gives 0.2136 ± 0.0003 ± 0.0133. Again, the results of the Borel-improved expansions in the MS and C-scheme are closer than the corresponding predictions of the standard expansion. We note that the small truncation error of the Borel-improved expansion in the MS scheme is due to an accidentally small value of the fourth-order term. 
CI (âm τ ) as a function of C. The yellow band arises from either removing or doubling the fifth-order term. In the red dots, the term proportional tod5(C) vanishes, and the previous term is taken as uncertainty.
For the calculation in CIPT, we use Eq. (35) and the numerical procedure described at the end of Sec. V. In Fig. 3 we show the variation with C of the quantity δ 
where, as above, the first error is the truncation error and the second accounts for the uncertainty in the coupling. We quote for completeness the values predicted by the standard expansions, 0.1793 ± 0.0071 ± 0.0080 in the MS scheme and 0.1840 ± 0.0062 ± 0.0084 in the C-scheme [8] , while the Borel-improved expansion in the MS scheme gives 0.1978±0.0174±0.0115. The large truncation error of the last result is due to an accidentally large value of the fourth-order coefficient in this case. It is of interest to investigate also the high-order behaviour of the Borel-improved expansions in the Cscheme. The high-order behaviour of the standard QCD expansions in the C-scheme was considered in Refs. [9, 10], where a renormalon-based model of the Adler function was adopted for generating the higher-order coefficients. We use the same model (presented for completeness in the Appendix) for assessing the quality of the Borel-improved expansions in the C-scheme.
In Fig. 4 we present the variation with C of the Borelimproved perturbative expansions of the Adler function D(â µ ) at the spacelike point s = −m 2 τ and µ = m τ , for increasing orders of perturbation theory (N denotes the number of terms kept in the expansion). The figure shows a clear region of stability with respect with C and the remarkable convergence of the truncated expansions, which, as we shall see below, approach actually the exact result given by the model. We note also that the big variations which appear when C decreases towards the lower limit of the chosen range are due to the fact that in this range the perturbative connection between the QCD coupling in MS and C-scheme breaks down, so the use of perturbation theory is not legitimate.
For a detailed comparison of the various expansions, we present in Table I the Adler function calculated for s = −m 2 τ and α s (m 2 τ ) = 0.316 with the standard series in powers of the coupling in MS and in C-scheme, and with the Borel-improved expansions in MS and in C-scheme, respectively. The calculations in the C-scheme have been done, as in Refs. [9, 10] , using for all N the same value of C, taken to be the optimal value determined for the expansion truncated at N = 5 (i.e. C = −0.78 for the standard expansion [8] , and C = −0.05 for the Borelimproved expansion). Of course, an optimal C can be defined for each truncation order N in practical applications. But the purpose of the present study is the comparison of two definite schemes, namely MS and a particular C-scheme. Actually, as seen in Fig. 4 , the Borel-improved expansions exhibit a common region of stability for all orders N , so the choice of a single C is reasonable in this case.
From Table I one can see the divergent behaviour of the standard expansions (the first two columns), which is even more pronounced for the C-scheme. Due to the factorial increase of the coefficients, the independence of the results on the renormalization scheme is not manifest for these expansions at large orders. On the other hand, for the Borel-improved expansions with tamed increase at large orders, the results in the two schemes are very close and converge to the exact result. This proves the renormalization-group independence of the perturbative expansions in QCD, once the divergent character is properly treated. Previous investigations [19, 21, 25] considered also the large-order behaviour of the expansions of the quantity δ (0) defined in (8) , which involves the values of the Adler function in the complex s plane. For the C-scheme the problem was studied in [9, 10] . As discussed in Sec. II, this quantity allows one to extract only indirect information about the perturbation expansion of the Adler function itself along the circle.
In order to assess in a straightforward way the quality of the expansions in the complex plane, we compare in Fig. 5 the values of the Adler function calculated with the model presented in the Appendix for complex values s = m 2 τ exp(iφ), and its Borel-improved approximants in the C-scheme. We restricted φ to the range φ ∈ (0, π), the values on the semicircle in the lower half-plane being obtained by using the reality property D(s * ) = D * (s). As above, we took the optimal C = −0.05. One can remark the impressive convergence of the Borel-improved expansions in the C-scheme along the whole circle, up to higher orders. As shown in [19, 21] , a similar behaviour is obtained for the Borel-improved expansions in MS scheme, while the standard expansions show big oscillations far from the true values.
VII. DISCUSSION AND CONCLUSIONS
In the present paper we investigated the renormalization scheme variation of an improved perturbation expansion in QCD, with tamed behaviour at large orders, defined by means of the optimal conformal mapping of the Borel plane. Detailed studies performed in previous works [19, [21] [22] [23] demonstrated the good properties of these Borel-improved expansions in the MS scheme. The analysis was extended now to a class of renormalization schemes, denoted as C-scheme, proposed in [8] and investigated in the frame of standard QCD expansions in [8] [9] [10] . Our purpose was not to advocate the advantage of a particular scheme, but to study the variation with the renormalization scheme of a quantity known to be renormalization-scheme invariant. We performed our study using the perturbation expansion of the Adler function and the τ hadronic width.
For the expansions to order α 5 s , we found, as in [8] , a range of stability with respect to the variation of the C parameter, shown in Figs. 1-3 . We selected an optimal value of C using the same prescription as in [8] , namely the vanishing of the highest term in the expansion, the last nonzero term being taken as a conservative estimate of the truncation error. While there is of course some arbitrariness in defining the optimal C and the truncation error, this prescription is in the spirit of asymptotic expansions and the recipes for scheme fixing proposed in the literature [1, 2] . However, as noticed in the previous section, it can lead in some cases to unnatural estimates of the truncation uncertainty, due to accidentally large or small values of the last nonzero coefficient. As concerns the central values, we obtained quite close predictions of the Borel-improved expansions to five loop in the MS and C-scheme. This property, found for both the Adler function and the phenomenological parameter δ (0) , announces the scheme-independence exhibited by the higher-order Borel-improved expansions evaluated in these schemes.
Indeed, the good properties of the Borel-improved expansions manifest themselves in an impressive way at large orders. In our study, for generating the higher perturbative coefficients we used as in [9, 10] a theoretical model for the Adler function, proposed in [25] . The results shown in Figs. 3 and 4 prove the remarkable convergence of the Borel-improved expansions in the Cscheme, for the Adler function evaluated on the Euclidian axis and in the complex plane. Moreover, the last two columns of Table I illustrate the scheme-independence of the predictions of the Borel-improved expansions in the MS and C-scheme. This property is not valid for the standard expansion, as seen from the first two columns of Table I .
We emphasize finally that the model used in the present study for generating higher-order perturbative coefficients was constructed in [25] from a renormalon analysis in MS scheme. Moreover, the free parameters of the model are determined such as to generate the lowest perturbative coefficients (5) known in MS scheme. However, we proved that the Borel-improved expansions converge to the exact result not only if the expansions are defined in MS, but also in the C-scheme. This provides a nice illustration of the renormalization-scheme independence of the QCD perturbation theory, once the large-order divergence is properly treated.
The results of the present analysis are a further argument in favour of the non-power expansions based on the optimal conformal mapping of the Borel plane, which prove to be a useful tool for applications of perturbative QCD at intermediate energies.
τ and µ = m τ given by this model has the value [8] : D(a mτ ) = 0.1354 ± 0.0127 ± 0.0058, where the first error comes from renormalon ambiguity and the second from the uncertainty of the coupling.
